Let α be an algebraic number which is not a root of a rational number. We show that the discriminant of α n tends to infinity with n tending to infinity and give a lower bound for this discriminant in terms of the degree of α, its Mahler's measure and n.
Introduction
Throughout α denotes an algebraic number over the field of rational numbers Q, whose conjugates α 1 , α 2 , . . . , α d (with α one of these) are labelled so that |α 1 | |α 2 | . . . |α d |. Following [6] we call the leading coefficient of the minimal polynomial of α (in Z[x]) the van of α and denote it by a = a(α). Suppose that d 2. Then 
is the discriminant of α, is the Remak height of α. It is well known that
The upper bound in (4) comes straight from Hadamard's inequality (see, e.g., p. 34 in [8] ). Remak [11] and Langevin [9] showed that ∆(α)
This bound is at least as good as (4), because, as shown in [5] ,
Recently, Bell and Hare [1] investigated the properties of the ring
In particular, they showed that for each Pisot number α of degree d 2,
The aim of this paper is to generalize this result to an arbitrary algebraic number α and to obtain a corresponding lower bound. More precisely, we will obtain a lower bound for the D n (D n − 1)th root of ∆(α n ) , where D n = deg α n , in terms of d, n, and M (α). The only natural restriction is that α is not a root of a rational number.
Theorem. Suppose that α is an algebraic number of degree d and α is not a root of a rational number. Then there is an absolute positive constant c 0 such that for each integer n 2 we have
where
Clearly, for each α satisfying the conditions of the theorem, we have
Here, c 1 is an absolute positive constant and α is an algebraic number of degree d 2 which is not a root of unity. Note that the bound (4) applied to α n gives ∆(
In the proof of the theorem we will see that the difference in exponents of M (α), namely, between 2n/d and n/d in the respective lower bound (6) comes from a corresponding gap in (5) applied to the number α n , i.e.
The proof of the theorem is based on the following lemma.
Lemma 1.
Suppose that α and α are conjugate algebraic numbers of degree d, α is not a root of unity, |α| |α |, and n 2 is a positive integer such that α n = α n . Then there is an absolute positive constant c 0 such that
Auxiliary results

Lemma 2. Suppose that α and γ are algebraic numbers and n ∈ N. Then h(αγ) h(α) + h(γ) and h(α n ) = nh(α). In particular, if d = deg α and
Property 3.3 in [12] gives the inequality for h(αγ) and the equality h(α n ) = nh(α). The last statement of the lemma follows from
Take a prime number p > max |α 1 
|, H(α)
, where H(α) is the largest modulus of the coefficients of the minimal polynomial of α. It is easy to see that the van of α/p is ap d and the van of (α/p) n is a(α n )p nD . Set-
Hence the last formulae in Lemma 2 implies that
The proof of Lemma 3 is given in [4] . Its slight improvement was obtained by Mignotte in [10] .
In the proof of Lemma 1 we also need an estimate for the difference between an algebraic number and unity. Suppose that γ / ∈ {0, 1} is an algebraic number of degree s. Let us consider the value of its minimal polynomial at 1. Then, as 1 a(γ) s j=1 |1 − γ j | and the differences |1 − γ j | (except for |1 − γ|) are at most 2 max 1, |γ j | , we obtain that
Finally, we will need a lower bound for a linear form in two logarithms. Corollary 1.2 in Gouillon's thesis [7] is our next lemma.
Lemma 4.
Suppose that γ 1 and γ 2 are multiplicatively independent algebraic numbers,
Then
where Ω = max{log b + 3.1, 1000/N, 498 + 284/N + 142 log N }.
Proofs
Proof of Lemma 1. Suppose first that |α| > |α |. Then
Setting γ = α α /αα, we see that s = deg γ d 4 . Similarly, since α , α , α, α are conjugate, Lemma 2 implies that h(γ) 4h(α). Hence M (γ)
. Now, using (8) and upper bounds for s and M (γ) we have
Next, suppose that |α| = |α | and n d 3 . Setting β = α n , we have D = deg β d. By (5) and Lemma 2, we obtain that
Thus, by Lemma 3,
If α /α is a root of unity, say th root of unity, then 1 − (α /α)
, where ϕ is Euler's function; see, for instance, Corollary 1.3 in [3] for the proof and other references. Therefore cd 2 log log d 2 with an absolute constant c (see [3] 
again).
This is less that M (α) c 0 d 5 log d log n (by (7) again), and the required inequality follows.
Summarizing, without loss of generality we may assume that, firstly, |α | = |α|, secondly, α /α is not a root of unity, and, finally, n > d 3 . Writing α = e iφ , α = e iψ with real numbers φ, ψ lying in [0, 2π), we have
where k is the nearest integer to n(ψ − φ)/2π. We can certainly assume that n(ψ − φ)/2 − πk < 1/2, since otherwise 1 − (α /α) n 1/2 and (6) follows immediately. Then 2| sin
We shall now apply Lemma 4 with
. Indeed, then γ 1 and γ 2 are multiplicatively independent, because α /α is not a root of unity. Since the number α /α of degree d(d − 1) is complex, we have
Set log A 1 = c 2 + log M (α /α) /N , log A 2 = c 3 /N . Then, if c 2 and c 3 are sufficiently large the required inequalities of Lemma 4 for log A 1 and log A 2 hold. By Lemma 2,
. Let us choose c 2 and c 3 so large that
Consequently, since N < d 2 and n > d 3 , there is an absolute positive constant c 5 such that Ω c 5 log n. Our bounds above imply that log
with certain absolute positive constant c 6 . Lemma 1 now follows from Lemma 4.
Proof of the Theorem. Suppose that β = α n is of degree D = D n with β 1 , . . . , β D being its conjugates labelled so that |β 1 
Then, by the remark following Lemma 2, the van of β is equal to a nD/d . On applying (1) to the number β = α n , we get
Expressing
It is easy to see that by (3) 
